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Abstract
For a vector bundle α, let indα denote the largest integer m for which there exists a Z/2-map from Sm−1 to S(α). We prove that
the equality indα = dimα holds for every vector bundle α over the complex Sn−1 ∪k en, where n  2 and k = 0, if and only if
either k is even and n = 2,3,4,8 or k is odd.
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1. Introduction
Let α be a finite-dimensional real vector bundle over a CW complex B , and let S(α) be its sphere bundle with
respect to some metric on α. The index of α, denoted indα, is defined to be the largest integer m for which there
exists a Z/2-map from Sm−1 to S(α) [1,2,5]. Here, S(α) and Sm−1 are regarded as Z/2-spaces by the antipodal map
(on each fiber). From the inclusion of the fiber, we clearly have the inequality indα  dimα. If α is trivial, then we
easily see that the equality indα = dimα holds from the Borsuk–Ulam theorem. We describe the underlying space B
as I -trivial if the equality indα = dimα holds for every vector bundle α over B . In this terminology, Theorem 1.5 in
[6] can be stated as follows.
Theorem 1.1. (See [6].) The sphere Sn is I-trivial if and only if n = 1,2,4,8.
From Theorem 4.1 in [5], we also see that the projective space FPn is not I-trivial for any n > 0, where F is R, C
or H.
For integers n > 1 and k, let Mn(k) denote the space Sn−1 ∪k en, the mapping cone of the degree k map k :Sn−1 →
Sn−1. In this paper, we discuss the I-triviality of this space and show the following theorem.
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(1) If k is odd, then Mn(k) is I-trivial for any n.
(2) Mn(0) is I-trivial if and only if n = 2,3,4,5,8,9.
(3) If k is even and k = 0, then Mn(k) is I-trivial if and only if n = 2,3,4,8.
We will prove (1) and (2) in Section 2, and prove (3) in Sections 3 and 4.
2. I-triviality and W-triviality
In this section, we prove (1) and (2) of Theorem 1.2 using the Stiefel–Whitney classes. Let α be an m-dimensional
real vector bundle over B , and let W(α) =∑mi=0 wi(α) be the total Stiefel–Whitney class of α. Assume indα > m.
Then there is a Z/2-map f :Sm → S(α) and it induces a map f˜ :RPm → P(α), where P(α) denotes the associated
projective bundle of α. Let e (∈ H 1(P (α);Z/2)) denote the Z/2-Euler class of the line bundle α → P(α), and let t
(∈ H 1(RPm;Z/2)) denote the Z/2-Euler class of the canonical line bundle over RPm. In Hm(P (α);Z/2), we have
the relation em =∑m−1i=0 wm−i (α)ei . If we suppose W(α) = 1, that is wi(α) = 0 for all i > 0, then we have em = 0
and f˜ ∗(em) must be zero in Hm(RPm;Z/2), while f˜ ∗(em) = tm = 0, and this is a contradiction. Thus we have the
following lemma.
Lemma 2.1. (See [5].) If W(α) = 1, then we have indα = dimα.
Analogously to the definition of I-triviality, we describe a space B as W -trivial if W(α) = 1 holds for every vector
bundle α over B . Then the above lemma can be restated as follows.
Proposition 2.2. If B is W-trivial, then B is I-trivial.
From this, we immediately obtain the following corollary.
Corollary 2.3.
(1) If H˜ ∗(B;Z/2) = 0, then B is I-trivial.
(2) If K˜O(B) = 0, then B is I-trivial.
In fact, any vector bundle over B is W-trivial if H˜ ∗(B;Z/2) = 0 or K˜O(B) = 0.
Remark. The I-triviality is much weaker than those cohomology trivialities. S4n with n 3 is an example of I-trivial
space which satisfies neither H˜ ∗(B;Z/2) = 0 nor K˜O(B) = 0.
Proof of (1) in Theorem 1.2. If k is odd, then H˜ ∗(Mn(k);Z/2) = 0. Therefore, by the above corollary, Mn(k) is
I-trivial for k odd.
Next, we consider the case k = 0. We consider it in a little more general setting, that is, in the case where B =
B1 ∨ B2, the one point union of B1 and B2. First, we note the following.
Proposition 2.4. If B is I-trivial and B ′ is dominated by B , then B ′ is also I-trivial. Especially, if B is I-trivial and B ′
is homotopy equivalent to B , then B ′ is also I-trivial.
Proof. In general, the inequality indf ∗(α)  indα clearly holds for any vector bundle α over B and a map
f :B ′ → B . Suppose that B is I-trivial, and let f :B ′ → B and g :B → B ′ be maps such that g ◦ f 
 1B ′ . Then,
for any vector bundle β over B ′, we have indβ  indg∗(β) since β = (g ◦ f )∗(β) = f ∗(g∗(β)). Since B is I-trivial,
we have indg∗(β) = dimg∗(β) = dimβ . Thus we have indβ  dimβ , so that indβ = dimβ . 
From the above proposition, we immediately have the following proposition concerning the I-triviality of one point
union.
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In fact, B1 and B2 are dominated by B1 ∨ B2. Therefore, this proposition follows from Proposition 2.4.
The W-triviality has the same property as in the above proposition, and even the converse is true. Precisely, we
have the following.
Proposition 2.6. B1 ∨ B2 is W-trivial if and only if both B1 and B2 are W-trivial.
Proof. Let Bk
ik−→ B1 ∨ B2 jk−→ Bk be the inclusion and the projection (k = 1,2). Since K˜O(B1 ∨ B2) is isomor-
phic to K˜O(B1) ⊕ K˜O(B2), any vector bundle α over B1 ∨ B2 is stably equivalent to j∗1 (α1) ⊕ j∗2 (α2) for some
vector bundles α1, α2 over B1, B2. Hence, we can express W(α) as W(α) = j∗1 W(α1) · j∗2 W(α2). If both B1 and
B2 are W-trivial, we clearly have W(α) = 1, so that B1 ∨ B2 is W-trivial. To see the converse, we note that the cup
product j∗1 (x1) · j∗2 (x2) vanishes for any x1 ∈ H˜ ∗(B1;Z/2) and x2 ∈ H˜ ∗(B2;Z/2). Hence, we have W(α) − 1 =
j∗1 W(α1) + j∗2 W(α2) − 2, which corresponds to (W(α1) − 1,W(α2) − 1) under the isomorphism H˜ ∗(B1 ∨ B2;
Z/2) ∼= H˜ ∗(B1;Z/2) ⊕ H˜ ∗(B2;Z/2). This means that W(α1) = W(α2) = 1 if W(α) = 1. Therefore, B1 and B2
are W-trivial if B1 ∨ B2 is W-trivial. 
Now we proceed to prove (2) of Theorem 1.2. By Milnor’s theorem ([4, Theorem 1], see also [6]), Sn is W-trivial
if and only if n = 1,2,4,8. Hence, we can restate Theorem 1.1 as follows.
Theorem 2.7. (See [6].) Sn is I-trivial if and only if it is W-trivial.
In view of Theorem 1.1, the statement (2) of Theorem 1.2 follows from the following result.
Theorem 2.8. For any positive integers m and n, Sm ∨ Sn is I-trivial if and only if both Sm and Sn are I-trivial.
Proof. The necessity is obvious from Proposition 2.5. Suppose that both Sm and Sn are I-trivial. Then, Sm and Sn are
W-trivial by Theorem 2.7. Then, Sm ∨Sn is W-trivial by Proposition 2.6. Then, Sm ∨Sn is I-trivial by Proposition 2.2.
Thus, the theorem follows. 
We also have the following.
Proposition 2.9. Sm ∨ Sn is I-trivial if and only if it is W-trivial.
3. W-triviality of Mn(k) for k even
In this section, we prove the sufficiency in (3) of Theorem 1.2. Let k be a non-zero even integer and consider the
space Mn(k) = Sn−1 ∪k en. First, we note the following.
Proposition 3.1. Let k be a non-zero even integer.
(1) K˜O(Mn(k)) ∼= Z/k if n ≡ 0,4 mod 8.
(2) K˜O(Mn(k)) ∼= Z/2 if n ≡ 1,3 mod 8.
(3) K˜O(Mn(k)) = 0 if n ≡ 5,6,7 mod 8.
(4) K˜O(Mn(k)) ∼=
{
Z/4 (k ≡ 2 mod 4),
Z/2 ⊕ Z/2 (k ≡ 0 mod 4), if n ≡ 2 mod 8.
Proof. (1), (2) and (3) immediately follow from the Puppe exact sequence for the cofibration Sn−1 k−→ Sn−1 j−→
Mn(k), because the homomorphism k∗ : [Sn−1,BO] → [Sn−1,BO] is just the multiplication by k. We remark, for the
next proposition, that the isomorphism in the case n ≡ 3 (mod 8) is given by j∗ : K˜O(Mn(k)) → K˜O(Sn−1) and the
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k = 2. We consider the following diagram consisting of two cofiber sequences.
Sn−1 k

Sn−1
j
‖
Mn(k)
q
h
Sn
k

Sn
‖
Sn−1 2 Sn−1
j ′
Mn(2) q
′
Sn
2
Sn
This leads to the following diagram consisting of two short exact sequences.
0 Z/2 K˜O(Mn(k))
j∗
Z/2q
∗
0
0 Z/2
‖
K˜O(Mn(2))
j ′ ∗
h∗
Z/2q
′ ∗
∗
0
Here, we remark that Mn(2) = Σ8mRP 2, where n = 8m+2. If  is odd, then ∗ is an isomorphism, and so is h∗. Thus,
we have K˜O(Mn(k)) ∼= K˜O(Mn(2)) ∼= Z/4 if k ≡ 2 (mod 4). Let  be even. We have ∗ = 0. Let α be a generator
of K˜O(Mn(2)) ∼= Z/4 and put β = h∗(α). From the above diagram, we see that 2β = 0 and j∗(β) = 1 ∈ Z/2. This
implies that β generates a Z/2 summand of K˜O(Mn(k)). Thus, we have K˜O(Mn(k)) ∼= Z/2 ⊕ Z/2 if k ≡ 0 (mod 4).
This completes the proof. 
We have also proved the following proposition.
Proposition 3.2. Let q :Mn(k) → Sn be the quotient map. If n ≡ 2,3 mod 8, then q∗ : K˜O(Sn) → K˜O(Mn(k)) is an
epimorphism.
To prove (3) of Theorem 1.2, we also need the following lemma.
Lemma 3.3. Let W(α) = 1 + wn−1 + wn be the Stiefel–Whitney class of a vector bundle α over Mn(k) with n  4
and k even. We have the following.
(1) (n − 1)wn−1 =
(
n
2
)
wn−1 = 0.
(2) nwn =
(
n
2
)
wn = Sq1wn−1.
(3) (n
j
)
wn−1 = 0 for 3 j  n − 2.
(4) (n
j
)
wn = 0 for 3 j  n − 1.
Proof. From the stability theorem of vector bundles and the stability of Stiefel–Whitney classes, it is sufficient to
prove the lemma in the case where dimα = n. Let P(α) be the associated projective bundle of α. Then H ∗(P (α);Z/2)
is a free H ∗(Mn(k);Z/2) module generated by 1, e, e2, . . . , en−1. Here, e denotes the Z/2-Euler class of the line
bundle α → P(α). In Hn(P (α);Z/2), we have the relation en =∑n−1j=0 wn−j (α)ej = wn+wn−1e. Using the squaring
operations to this relation, we obtain en(1 + e)n = wn + (wn−1 + Sq1wn−1)(e + e2), that is,
(wn + wn−1e)
n∑
j=0
(
n
j
)
ej = (wn + wn−1e) +
(
wn−1e2 + Sq1wn−1 · e
)+ Sq1wn−1 · e2.
Comparing the j -dimensional terms in the above equality for each j = n + 1, n + 2, . . . ,2n − 1, we obtain the
following. Here we note that P(α) is of dimension 2n − 1, which is greater than n + 2 since n 4.(
n
1
)
(wn + wn−1e)e = wn−1e2 + Sq1wn−1 · e, (3.1)(
n
)
(wn + wn−1e)e2 = Sq1wn−1 · e2, (3.2)2
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n
j
)
(wn + wn−1e)ej = 0 for j = 3,4, . . . , n − 2, (3.3)(
n
n − 1
)
(wn + wn−1e)en−1 = 0. (3.4)
From (3.1), we see (n1)wn−1 = wn−1, and from (3.2), we see (n2)wn−1 = 0. These prove (1) of the lemma. Also,
from (3.1) and (3.2), we see (n1)wn = Sq1wn−1 and (n2)wn = Sq1wn−1, so that (2) is obtained. From (3.3) we have(
n
j
)
wn−1 = 0 for j = 3,4, . . . , n − 2, which proves (3). Also from (3.3), we have
(
n
j
)
wn = 0 for j = 3,4, . . . , n − 2.
For (3.4), we calculate, using the relation en = wn + wn−1e, as follows.(
n
n − 1
)
(wn + wn−1e)en−1 =
(
n
n − 1
)(
wne
n−1 + wn−1(wn + wn−1e)
)
=
(
n
n − 1
)
wne
n−1.
In the above calculation, the last two terms vanish because dimMn(k) = n. We thus have ( n
n−1
)
wn = 0 from (3.4),
which completes the proof of (4). 
Remark. We will not use (3), (4) of the above lemma but we stated them here for completeness.
Now, we are ready to prove the following theorem.
Theorem 3.4. Let k be a non-zero even integer. If n = 2,3,4,8, then Mn(k) is W-trivial.
Proof. Let α be an arbitrary vector bundle over Mn(k). First, consider the case n ≡ 2,3 mod 8. In this case, by
Proposition 3.2, α is stably equivalent to q∗(β) for some vector bundle β over Sn, and we have W(α) = q∗W(β).
Since Sn is W-trivial if n = 1,2,4,8, it follows that W(α) = 1 if n = 4,8 in this case. Next, we consider the case
n ≡ 2 mod 8. If n  4, we have wn−1 = 0 from (1) of Lemma 3.3 since n − 1 is odd. Since
(
n
2
)
is odd, we have
wn = Sq1wn−1 = 0 from (2) of Lemma 3.3. We thus have W(α) = 1 if n = 2 in this case. Finally, we consider the case
n ≡ 3 mod 8. If n 4, we have wn−1 = 0 from (1) of Lemma 3.3 since
(
n
2
)
is odd. We also have wn = Sq1wn−1 = 0
from (2) of Lemma 3.3. We thus have W(α) = 1 if n = 3 in this case. This completes the proof. 
By the above theorem, we have proved the half of (3) of Theorem 1.2.
4. Non-I-triviality
In this section, we prove that if k is a non-zero even integer, then Mn(k) is not I-trivial for n = 2,3,4,8.
First, for n = 2,3, we have the following.
Theorem 4.1. Let k be a non-zero even integer.
(1) There exists a line bundle α2 over M2(k) such that indα2 > 1.
(2) There exists a 3-dimensional vector bundle α3 over M3(k) such that indα3 > 3.
Proof. (1) Consider the cofibration S1 k−→ S1 j−→ M2(k). Since k is even, the homomorphism j∗ :H 1(M2(k);
Z/2) → H 1(S1;Z/2) is an isomorphism. Hence, j∗ : [M2(k),RP∞] → [S1,RP∞] is also an isomorphism. This
means that there is a line bundle α2 over M2(k) such that j∗(α2) = ξ , where ξ is the canonical line bundle
over S1 = RP 1. Restricting the bundle monomorphism j˜ : ξ → α2 to the sphere bundle, we obtain a Z/2-map
S(ξ) → S(α2). Since S(ξ) = S1, we have indα2  2.
(2) Consider similarly the cofibration S2 k−→ S2 j−→ M3(k). Since k is even, the homomorphism j∗ : K˜O(M3(k))
→ K˜O(S2) is an isomorphism. Hence, there is a vector bundle α3 over M3(k) such that j∗(α3) is stably equivalent to
the canonical complex line bundle η over S2 = CP 1. We remark that η is considered as a real bundle. From the stability
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by the stability theorem. Restricting the bundle monomorphism η ↪→ η ⊕ 1 → α3 to the sphere bundle, we obtain a
Z/2-map S(η) → S(α3). Since S(η) = S3, we have indα3  4. 
Remark. The indices of α2 and α3 in the above theorem are actually given as follows.
(1) indα2 =
{
3 (k ≡ 2 mod 4),
2 (k ≡ 0 mod 4),
(2) indα3 = 4.
We do not need these explicit formulas for the proof of our main theorem but we give a short proof of them here.
From the diagram consisting of cofiber sequences
S1
k
S1
j
M2(k)
S1
2
‖
S1
j ′
k/2
RP 2
g
we obtain the following diagram:
H 1(S1;Z/2)
(k/2)∗
H 1(M2(k);Z/2)j
∗
∼=
g∗
H 1(S1;Z/2) H 1(RP 2;Z/2)j
′ ∗
∼=
If k ≡ 2 mod 4, then (k/2)∗ is an isomorphism and so is g∗. This implies that g∗(α2) = ξ , where ξ is the canonical
line bundle over RP 2 this time. Then, the bundle monomorphism g˜ : ξ → α2 gives a Z/2-map S2 = S(ξ) → S(α2)
and we obtain indα2  3. On the other hand, we have indα2  dimα2 + dimM2(k) (see [5, Lemma 3.1]). Hence, we
have indα2  3 and we conclude that indα2 = 3 if k ≡ 2 mod 4.
If k ≡ 0 mod 4, then we see that 2α2 is stably trivial by (4) of Proposition 3.1. Hence, we then have W(2α2) = 1
and ind(2α2) = dim(2α2) = 2 by Lemma 2.1. Considering the bundle monomorphism α2 ↪→ 2α2, we obtain indα2 
ind(2α2) = 2. We thus have indα2 = 2 if k ≡ 0 mod 4.
Next, we consider the 3-dimensional vector bundle α3 over M3(k). To show indα3  4, we use Proposition 2.4 in
[5]. Thus, it suffices to prove
Hom
(
H˜ ∗
(
M3(k);Z/2), H˜ ∗(RP 4;Z/2))= 0.
Let bi ∈ Hi(M3(k);Z/2) be the basic elements (i = 2,3) and let t ∈ H 1(RP 4;Z/2) be the generator. Let ϕ be a
homomorphism from H˜ ∗(M3(k);Z/2) to H˜ ∗(RP 4;Z/2). Since Sq1b3 = 0 and Sq1t3 = t4 = 0, we have ϕ(b3) = t3,
that is, ϕ(b3) = 0. Since b22 = 0 and (t2)2 = 0, we have ϕ(b2) = t2, that is, ϕ(b2) = 0. We thus see that ϕ is the zero
homomorphism as required.
Now, we proceed to the non-I-triviality of M4(k) and M8(k). We use the Hopf vector bundle ρd over Sd = FP1,
where F denotes C, H or the Cayley numbers and ρd is considered as a real bundle with dimρd = d . We note that
indρd = 2d since S(ρd) = S2d−1.
Lemma 4.2. Let ρd be the Hopf vector bundle over Sd for d = 2,4 or 8, and let p :RPd → Sd be the map collapsing
the (d − 1)-skelton of RPd . Then, we have p∗(ρd) = dξ , where ξ is the canonical line bundle over RPd .
Proof. Since wd(ρd) = 0 in Hd(Sd ;Z/2), we have W(p∗(ρd)) = p∗(W(ρd)) = 1 + td = (1 + t)d , where t is the
generator of H ∗(RPd ;Z/2). Also, we have W(ξ) = 1 + t . By an analogous formula to Formula III of Theorem 4.4.3
in [3], we obtain W(p∗(ρd) ⊗ ξ) = (1 + t + t)d = 1. Therefore, we first see that p∗(ρd) ⊗ ξ is orientable. The
only obstruction to its non-zero cross-section lies in Hd(RPd ;πd−1(Sd−1)). Since d is even, the mod 2 reduction
Hd(RPd ;Z) → Hd(RPd ;Z/2) is an isomorphism. Thus, wd(p∗(ρd)⊗ ξ) = 0 means that this obstruction vanishes.
Therefore, we can decompose p∗(ρd) ⊗ ξ into the form 1 ⊕ α for some vector bundle α with dimension d − 1. The
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to get finally p∗(ρd) ⊗ ξ = (d − 1) ⊕ λ with λ a line bundle. Clearly, λ is a trivial bundle since W(λ) = 1. We thus
have p∗(ρd) ⊗ ξ = d , that is, p∗(ρd) = dξ . 
Now, we are ready to prove the following theorem, in which an alternative proof for the non-I-triviality of M2(k)
is involved.
Theorem 4.3. Let k be a non-zero even integer and let d = 2,4 or 8. Then, there exists a d-dimensional vector bundle
βd over M
d(k) such that indβd > d .
Proof. Consider the following diagram consisting of cofiber sequences:
Sd−1 k Sd−1
j
Md(k)
q
Sd
Sd−1 2
‖
Sd−1
j ′
k/2
Md(2)
q ′
g
Sd
‖
We put βd = q∗(ρd) and show indβd > d . Let p′ :RPd → Md(2) be the map collapsing the (d − 2)-skelton of
RPd . By Lemma 4.2, we have (g ◦ p′)∗(βd) = dξ since p = q ′ ◦ p′. Therefore, we have a bundle monomorphism
ξ ↪→ dξ → βd . By restricting this, we obtain a Z/2-map Sd = S(ξ) → S(βd) and we thus have indβd  d + 1 which
completes the proof. 
Remark. In the case where k ≡ 2 mod 4, the index of βd in the above theorem is shown to be d+1 as follows. Let ϕ be
a homomorphism from H˜ ∗(Md(k);Z/2) to H˜ ∗(RPd+1;Z/2). We denote by bi the basic element of Hi(Md(k);Z/2)
(i = d − 1, d) and by t the generator of H ∗(RPd+1;Z/2). For d = 4 and d = 8, we have Sq2td−1 = td+1 = 0 since(
d−1
2
)
is odd, while Sq2bd−1 = 0 from the dimension reason. Therefore, we have ϕ(bd−1) = 0 for d = 4,8. For d = 2,
we also have ϕ(bd−1) = 0 since t3 = 0 and b31 = 0. If k ≡ 2 mod 4, then we have bd = Sq1bd−1 since Sq1 is the
Bockstein operation. Therefore, we then have ϕ(bd) = ϕ(Sq1bd−1) = Sq1ϕ(bd−1) = 0. Thus, if k ≡ 2 mod 4, we
have ϕ = 0 and we conclude that indβd  d + 1 using Proposition 2.4 in [5].
By Theorems 3.4, 4.1, 4.3 and Proposition 2.2, we have proved the following theorem and completed the proof of
Theorem 1.2(3).
Theorem 4.4. Let k be a non-zero even integer. For an integer n > 1, the following three statements are equivalent.
(1) Mn(k) is I-trivial.
(2) Mn(k) is W-trivial.
(3) n = 2,3,4,8.
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